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Recap: Gradient descent
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0 ~ Init
for i1teration 1n range(n):
J = VL(0)

O =0 - € * J.mT



Recap: Gradient of Linear Regression

£01x,y) = (ffx) —y)* = (W'x+b—y)
V,20|x,y) =2(W'x+b—y)
‘ V.20]x,y) =2(w'x + b — y)x'
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Nested functions

. Function f: R" - R"™
. Function g : R¥ - R”

. Nested function: f(g(v))



Nested functions

. Function f: R" - R"™
. Function g : R¥ - R”

. Nested function: f(g(v)) : RK - R"™



(Gradients of nested functions

Chainrule

. Function f: R" - R™
- flg(v)) : RY > R” . Function g : R - R”
. V., fg(v)) € RMXk . Nested function:

flg(v)) : RF > R™

Chainrule: Vi f(g(V)) = Vyf(y) Vyg(V)  where 'y = g(v))
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Fxercise

What is the gradient of £ = (WTX + b — y)2 (interms of X, y, 7)
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Fxercise

What is the gradient of £ = (WTX + b — y)2 (interms of X, y, 7)




Gradient of Linear Regression

£01x,y) = (ffx) —y)* = (W'x+b—y)
V,20|x,y) =2(W'x+b—y)
‘ V.20]x,y) =2(w'x + b — y)x'



Exercise: Gradient of Multi-class Classification

£(01x,y) = (log softmax(Wx — b))

 VwZ(0]x,y) =
Vi,£(0)x,y) =



Exercise: Gradient of Multi-class Classification

£(01x,y) = (log softmax(Wx — b))

 VwZ(0]x,y) =
Vi,£(0)x,y) =

- Way too hard!!!



Ccomputation as a grapn

[(0]x,y) = log (softmax(Wx + b))
— index (log (softmax (add (matmul(W, x),b))), y)

& x 4\ ay \
MatMul Index —p

AW J add H»| softmax J

Ab

/

.




Chain-rule on agraph

[(0|x,y) = index (log (softmax (add (matmul(W,x),b))), y)

Vl(0|x,y) = Vyindex (log (softmax (add (matmul(W,x),b))), y)

= 2 fog index(...)Vylog (softmax (add (matmul(W, x), b)))
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= Vindex(...)V log(...)Vysoftmax (add (matmul(W, x), b))

= Vindex(...)Vlog(...)Vsoftmax(...)Vadd(...) (Vmatmul(W,x)V¢W + Vyb)



Chain-rule on agraph

[(0|x,y) = index (log (softmax (add (matmul(W, x),b))), y)
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Back-propagation

- Gradients computed backwards in graph
- Computationally more efficient

- Gradients of different parameters share computation

Ab Vindex
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a = torch.rand(100, requires_grad=True)

Back-propagation in PyTorch b = 0.5 * (a**2).sun()
b.backward()
a.grad
& x ay
- Fach operation MatMul iIndex —p»
- Implements backprop function aw add 1 softmax — 109
. | Ab
- Computation graph constructed automatically
- Backward pass
- Multiplies “vector” with Jacobean of operation &b }vmdex
. Start by back-propagating value 1 Vadd [ Vsoftmax €4 Vlog
.- Can only call backward on scalars vV MatMul

ﬁw</

. Populates Tensor.grad for all tensors with
requires_grad=True




Computation Grapnhs TL:DR

- PyTorch builds computational graph for automatic differentiation

- Gradients are propagated backwards through computational graph: backpropagation

. Call Tensor.backward() in PyTorch

- No more complicated gradient math



Computation Grapns in
PyTorch



Linear Regression in Py Torch



plnary LoJgistic Regression 1n
PyTorch



Multi-Class Logistic Regression
in PyTorch



First Example - Summary



First Example - summary

Task / Model - Dataset/Loss Training / Optimization

A X . .o d el 0.25

T el v

a PR o L RS

L -, .
ST X 3o - . L.
- I P - L o 2
-k :

-

SV At
R

-

™
.\ S 7

015

Linear Wx + b 0.1 —?

Yy 0 200 400 600 800 1k

Iterations




Deep Networks



Binary Classification

Recap: Linear Binary 1.0
Classification Class Y
Class 1
mmm= Decision Boundary
0.8 -

- Binary classification model:

. £, : R" = [0,1] 0.6-
- Linear binary classification: <
0.4 -
+ fo(x) = o(Wx + b)
|
., 0(x) =
1 + exp(—x) 0.2 -
- Parameters:
. 0= (W,b) 0.0
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[ Imitations of Linear Models

- Example: Binary paw classification

- Dog paw or not

Linear models cannot distinguish the two paw
images from the gray image



[ Imitations of Linear Models

. Positive classes
WX, +b>0

white
-
W X, .+b>0

» By definition Linear models cannot distinguish the two paw

B 1 images from the gray image
Xoray = 5 (thite T Xblack)

- Linearity
1 1
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[ Imitations of Linear Models




Does adding more linear layers
nelp?

« NO

- A combination of linear layers is still

inear
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= (WW/)x + (Wrb; + b))
= Wx + b




Solution: .

- Add non-linea
inear layers

Deep Networks
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Non-linearities 2

» Rectified Linear Unit (RelLU)

RelLU

ReLU(x) = max(x,0) 0°
« Non-linear

. Differentiable almost anywhere




Non-linearities

.« Exercise: Can we build a 2 layer
network that classifies the paws

. Layerl:z;, = Wx +Db

. Rel U 21 — R@LU(ZI) — maX(Zl,O)

. Layer2:z, = Wz, +b




Non-linearities

e |Ntultion

- first layer learns the color categories of the
oaw (white, black, grey)

- second layer classifies color as paw or not

—1 1|1
L 1.2, = .
. Layer 1: z4 [ ) ] X 5 [_1]

. RelU:Z; = RelU(z;) = max(z,0)

1
. LOyer 21 Z2 — [2 2] 21 — 5



Deep Networks

. Alternate between linear and
non-linear layers




Deep Networks

. MOde‘fQ . Rn —> RC
. Parameters: 0 = (W, by,..., Wy, by)
- Computation:
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Universal Approximation Theorem

- Constructing is inefficient

- Deep learning exploit structure in data to find efficient approximations



Non-Linearities - TL:DR

- Deep networks are stacks of alternating linear and non-linear layers

- Deep networks belong to a class of continuous functions that can approximate any
continuous function!




